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Abstract. In this paper, we establish the linear profile decomposition for the 
Airy equation with complex or real initial data in , respectively. As an 
application, we obtain a dichotomy result on the existence of maximizers for 
the symmetric Airy-Strichartz inequality. 



1. Introduction 

In this paper, we consider the problem of the linear profile decomposition for the 
Airy equation with the initial data 



(1) 



dtu + dlu = 0, i e R, X e R, 
u(0, x) = uq{x) G L^, 



where w : R x R ^ R or C. Roughly speaking, the profile decomposition is to in- 
vestigate the general structure of a sequence of solutions to the Airy equation with 
bounded initial data in . We expect that it can be expressed, up to a subsequence, 
as a sum of a superposition of concentrating waves- profiles-and a reminder term. 
The profiles are "almost orthogonal" in the Strichartz space and in while the 
remainder term is small in the same Strichartz norm and can be negligible in prac- 
tice. The profile decomposition is also referred to as the "bubble decomposition" 
in the literature, see [T8j p. 35] for an interesting historical discussion. 

The same problem in the context of the wave or Schrodinger equations has been in- 
tensively studied recently. For the wave equations, Bahouri-Gerard [T] established a 
linear profile decomposition for the energy critical wave equation in R'^ (their argu- 
ment can be generalized to higher dimensions). Following [T|, Keraani |15j obtained 
a linear profile decomposition for energy critical Schrodinger equations, also see [23j . 
For the mass critical Schrodinger equations, when d — 2, Merle- Vega [20] estab- 
lished a linear profile decomposition, similar in spirit to that in f^; Carles-Keraani 
[5] treated the d = 1 case, while the higher dimensional analogue was obtained by 
Begout- Vargas [2]. In general, a nonlinear profile decomposition can be achieved 
from the linear case via a perturbation argument. The first ingredient of the proof 
of linear profile decompositions is to start with some refined inequality: the refined 
Sobolev embedding or the refined Strichartz inequality. Usually establishing such 



2000 Mathematics Subject Classification. 35Q53. 

1 



2 



SHUANGLIN SHAO 



refinements needs some nontrivial work. For instance, in the Schrodinger case, 
the two dimensional improvement is due to Moyua- Vargas- Vega |21j involving the 
spaces; the one dimensional improvement due to Carles-Keraani [5] using the 
Hausdorff- Young inequality and the weighted Fcfferman-Phong inequality [S] , which 
Kenig-Ponce-Vega |14| first introduced to prove their refined Strichartz inequality 
([5]) for the Airy equation; the higher dimensional refinement due to Begout- Vargas 
[2] based on a new bilinear restriction estimate for paraboloids by Tao [l^ ■ Another 
important ingredient of the arguments is the idea of the concentration-compactness 
principle which aims to compensate for the defect of compactness of the Strichartz 
inequality, which was exploited in [1], [20j, [5] and i2j; also see [22] for an ab- 
stract version of this principle in the Hilbert space. The profile decompositions 
turn to be quite useful in nonlinear dispersive equations. For instance, they can 
be used to analyze the mass concentration phenomena near the blow up time for 
the mass critical Schrodinger equation, see [20], [5], [2]. It was also used to show 
the existence of minimal mass or energy blow-up solutions for the Schrodinger or 
wave equations at critical regularity, which is an important step in establishing the 
global well-posedness and scattering results for such equations, see [11], [12], [16], 
[30| . [17] . In [23], the author used it to establish the existence of maximizers for 
the non-endpoint Strichartz and Sobolev-Strichartz inequalities for the Schrodinger 
equation. 

The discussion above motivates the question of profile decompositions for the Airy 
equation, which is the free form of the mass critical generalized Korteweg-de Vries 
(gKdV) equation, 

^^-j I dtu + d^u ± u^dxU = 0, f <E R, X <E R, 

I m(0, = uo(x). 

This is one of the (generalized) KdV equations (f^) and is the natural analogy 
to the mass critical nonlinear Schrodinger equation in one spatial dimension. The 
KdV equations arise from describing the waves on the shallow water surfaces, and 
turn out to have connections to many other physical problems. As is well known, 
the class of solutions to ([1]) enjoys a number of symmetries which preserve the mass 
/ jitpdx. We will employ the notations from _16J and first discuss the symmetries 
at the initial time t ~ Q. 

Definition 1.1 (Mass-preserving symmetry group). For any phase 9 S R/27rZ, 
position xo G R and scaling parameter /iq > 0, we define the unitary transform 
ge,xo,ho ■■ ^ by the formula 

We let G be the collection of such transformations. It is easy to see that G is a 
group. 

Unlike the free Schrodinger equation 




idtu- Au = 0,< e R, a; e R'^, 
m(0, x) = uo{x), 
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two important symmetries are missing for ([T]), namely, the Galilean symmetry 

u{t, x) ^ e"«°+^*l««l'w(i, X + 2t^o), 
and the pseudo-conformal symmetry 

This lack of symmetries causes difficulties if we try to mimic the existing argument 
of profile decompositions for the Schrodinger equations. In this paper, we will show 
how to compensate for the lack of the Galilean symmetry when developing the 
analogous version of linear profile decompositions for the Airy equation ([1]) . 

Like Schrodinger equations, an important family of inequalities, the Airy Strichartz 
inequality [131 Theorem 2.1], is associated with the Airy equation It is invariant 
under the symmetry group and asserts that: 

(4) p"e-*^^\o||L?Lj < ll^olU^, 

if and only if —a + | + ^ = ^ and —1/2 < a < 1/q, where e~*^^uo and are 
defined in the "Notation" section. When q = r = 6 and a = 1/6, we also have the 
following refined Strichartz estimate due to Kenig-Ponce-Vega, which is the key to 
establishing the profile decomposition results for the Airy equation in this paper. 

Lemma 1.2 (KPV's refined Strichartz [H]). Let p > 1. Then 

(5) ||i?i/6e-*^'^/o||L«, <C'(^sup|T|^-i||^||^,(,)y llt^olli, 
where t denotes an interval of the real line with length \t\. 



In Section [21 we will present a new proof suggested by Terence Tao by using the 
Whitney decomposition. 

As in the Schrodinger case, the Airy Strichartz inequality ([4]) cannot guarantee the 
solution map from the space to the Strichartz space to be compact, namely, every 
i^-bounded sequence will produce a convergent subsequence of solutions in the 
Strichartz space. The particular Strichartz space we are interested in is equipped 
with the norm jji'^/^ull^e . The failure of compactness can be seen explicitly from 
creating counterexamples by considering the symmetries in LP' such as the space 
and time translations, or scaling symmetry or frequency modulation. Indeed, given 
cco € R, to S R- and Hq e (0, oo), we denote by Txq, Suq and Rtg the operators 
defined by 

TxA{x) -.^ (l){x - xo),Sho<l>{x) := -^(l){^),Rtg(f>{x) := e~*''^-(?!)(a;). 

Let (x„)„>i, {tn)n>i be sequences both going to infinity, and {h„)n>i be a sequence 
going to zero as n goes to infinity. Then for any nontrivial g 5, (Tx^(j))n>i, 
{Sh„<t')n>i and (i?t„0)n>i weakly converge to zero in L^. However, their Strichartz 
norms are ah equal to \\D^/^e-*^^\\i^6 , which is nonzero. Hence these sequences 
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are not relatively compact in the Strichartz spaces. Moreover, the frequency mod- 
ulation also exhibits the defect of compactness: for <^o G we define Mj^ via 

Choosing (^„)„>i to be a sequence going to infinity as n goes to infinity, we see that 
(Mj^ </>)„>! converges weakly to zero. However, from Remark lTTTl ||Z?^/^e~*^^ (e''^ -'^"0)|| 

converges to 3~^/®||e~**'^^(/)||i6 , which is not zero. This shows that the modulation 
operator M^^ is not compact either. 

It will be clear from the statements of Theorem 11.51 and Theorem [LG] that these four 
symmetries in above are the only obstructions to the compactness of the solution 
map. Hence the parameter (/loj Coj a;o, to) plays a special role in characterizing this 
defect of compactness; moreover, a sequence of such parameters needs to satisfy 
some "orthogonality" constraint (the terminology "orthogonality" is in the sense of 
Lemma 15.21 ) 

Definition 1.3 (Orthogonality). For j ^ k, two sequences := (/i^, a;:^, t^)„>i 
and Fjj :— (ft,^, x^, ifj)„>i in (0,oo) x R"^ are orthogonal if one of the following 
holds, 

. lim„^oo (# + # + '^"l^" - ^nl j = oo. 

Remark 1.4. For any F^ = {h^, x^, i^)n>i, it is clear that, up to a subsequence, 
lim„^oo l^nCnl is either finite or infinite. For the former, we can reduce to = 
for all n by changing profiles, see Remark 13.6) for the latter, the corresponding 
profiles exhibit Schrodinger behavior in some sense, see Remark 11.71 In view of 
this, we will group the decompositions accordingly in the statements of our main 
theorems below. 

Now we are able to state the main theorems. When the initial data to the equation 
([1]) is complex, the following theorem on the linear Airy profile decomposition is 
proven in Section [5] 

Theorem 1.5 (Complex Version). Let (u„)„>i be a sequence of complex-valued 
functions satisfying \\un\\L^ < 1- Then up to a subsequence, there exists a sequence 
of functions {<p-')j>i : R C and a family of pairwise orthogonal sequences 

= e^n; Cni ^n; ^n) ^ (0, cx)) X R'^ suck that, for any I > 1, there exists an 
function wj^ : R C satisfying 

(6) e^''9iy'-^'^'^^]+wl, 
where :— 5o,x^,.h^ ^ ^ ""'^ 

(7) hm hm \\D'/<^e-'^'^wlUe^^O. 
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Moreover, for every I > 1, 
(8) 



lim I Kill. - \J2W\\l2 + \\wl 



0. 



When the initial sequence is of real-value, we analogously obtain the following real- 
version profile decomposition. Note that we can restrict the frequency parameter 

to be nonncgativc. 

Theorem 1.6 (Real Version). Let (un)n>i be a sequence of real-valued functions 
satisfying \\un\\L^ < 1. Then up to a subsequence there exists a sequence ofL^ func- 
tions, {(f)^)j>i: R ^ C, andafamily of orthogonal sequencesVl^ = {hi^,£_^,xi^,tiJ G 
(0,oo) X [0,oo) X xR^ such that, for any I > 1, there exists an function w^; 
R — > R satisfying 



(9) 



l<j<Z,5^=0 
or |/i^e^|-.oo 



[Re{e^(-)Kii^)^+wl 



where gl := 9o,xLft^ ^ ^ 
(10) 

Moreover for every I > 1, 

( I 



lim lim |lZ)V6e-ta^^/^(3,)|| 0. 



(11) lim 



v 



^ ||Re(e^(>^^«^^-)||i. + ||«;i||i. 



l<3<i,{Jj=0 
V 0T\hUl\^OO 



I 



= 0. 



When lim„^oo I^Jn^nl = oo for some 1 < j < /, the profile will exhibit asymptotic 
"Schrodinger" behavior. For simplicity, we just look at the complex case. 

Remark 1.7 (Asymptotic Schrodinger behavior). Without loss of generality, we 
assume (f)^ G S with the compact Fourier support [—1, 1]. Then 

D'/^e-^-^i^'hiy^^'^'^m = I e^(^-^")«+^(*-*^^^«^i^i^/^/.{)^/^?(/.{(e-a))rf^ 

^ (^l^JJ-l/2^^3J^/6^i{x-xi)en+^{t-timif 



Setting x' := ^ g^^^j f ._ MLilii. Then the dominated conver- 

gence theorem yields 
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where e~**^"^ denotes the Schrodinger evolution operator defined via 
Indeed, 

*'„2 it' —i 



R 



and by using \24\ Corollary, p. 334] or integration by parts, 

<C^.B{t',x') 

for n large enough but still uniform in n. Here 

'(l + |t'|)-i/2 <c[(l + |x'|)(l + |<'|)]^'/^ for \x'\<6\t'\ 



B{t',x' 



+ <C[(l + |a;'|)(l + |i'|)] for > 6|i'|. 

It is easy to observe that B e Lf, ^, . 

In the next three paragraphs, we outline the proof of Theorem 11.51 in three steps; 
Theorem 11.61 follows similarly. Given an L^-bounded sequence (un)ri>i7 at the first 
step, we use the refined Strichartz inequality ([5]) and an iteration argument to obtain 
a preliminary decomposition decomposition for (un)„>i: up to a subsequence, 

N 

where fi is supported on an interval (^,{ - pi,^i + pi) and \fri\ < C(p^J~^/^, 
and e~*^^(7^ is small in the Strichartz norm. Then we impose the orthogonality 
condition on {pi, for j ^ fc, 

Pii , Pn , 



lim 

n — >C30 



Pn Pn Pn 



to re-group the decomposition. 

At the second step, for each j e [1, -/V], we will perform a further decomposition to 
to extract the space and time parameters. For simplicity, we suppress all the 
superscripts j and re-scale {fn)n>i to obtain P = {Pn)n>i by setting 

W .^pH^U {Pn{- + Pn^S,n)), 

from which we can infer that each P„ is bounded and supported on a finite inter- 
val centered at the origin. We apply the concentration-compactness argument to 
(-Fri)n>i to extract (y", s"): for any ^4 > 1, up to a subsequence, 

A 

(12) P„(x) = e-"''"^«"e^°^^[e^(-)''"^«"</."(.)](x - y-^) + P^{x). 

More precisely, we will investigate the set of weak limits, 

W{P) := {w- lim e-"''"«"e-^"^'[e^(>"«"P„(-)](x + 2;„) in : (2/„,,s„) e R^}, 
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where the notion "w — lim„^oo /n" denotes, up to a subsequence, the weak hmit 
of (/n)n>i in . Note that, due to the lack of Galilean transform and the addi- 
tional multiplier weight in the current Strichartz norm, it is a slight but necessary 
modification to the Schrodinger case where yV(P) is the following set 



lim e 

n^oo 



Pn{x + Vn) in ■■ (y„, s„) € R^}. 



In p^ . we impose the orthogonahty condition on (y", s"): for a ^ P 



lim 

n— >oo 



+ K. 



The error term P'^ := (P^)„>i is small in the weak sense that 

lim p{P^) ~ lim sup{||0||l2 : G W(P'^)} = 0. 

A-^oo A— >-oo 

Since /„(x) = ^/p^e"^" Pn{pnx), 



Let ej^ := y/p^e"^^^" (pnx) . Now the major task is to upgrading the previous 
weak convergence to 



lim lim llDi/^e-'^ief I 



0. 



To achieve this, we will interpolate L^ .^ between Ll ,^ and for some 4 < q < 6. 
The norm is controlled by some localized restriction estimates and the 
norm is expected to be controlled by p,[P^). Unlike the Schrodinger case, we will 
distinguish the case lim„^oo IPn^Cnl = +oo from lim„^oo IPn^Cnl < +oo due to the 
additional multiplier weight in the current Strichartz norm. 

The final decomposition is obtained by setting 

ihi,a,xi,ti) npir^aApir'yiApir^si) 

and showing two orthogonality results for the profiles. 



1.8. The second part of this paper is devoted to applying the linear profile decom- 
position result to the problem of the existence of maximizers for the Airy Strichartz 
inequality. As a corollary of Theorems 11.51 and II. 6[ we will establish a dichotomy 
result. Denote 

(13) ^S., sup{pi/6e-*^^uo|lL«, : Ikolk^ = 1}, 

when uq is complex- valued; similarly we define S^j,y for real-valued initial data. 
We are interested in determining whether there exists a maximizing function uq 
with ||uo||l2 = 1 for which 

\\D^^''e-'^"uo\\Le^^Sa,rv\\uo\\L-, 

where Sairy represents either S^^^y or S^j.y. The analogous question to the Schrodinger 
Strichartz inequalities was studied by Kunze [19] , Foschi [9] , Hundertmark-Zharnitsky 
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[To] . Carneiro Bennett-Bez-Carbery-Hundertmark [3j and the author [23]. We 
set 

(14) 5'^^;,^ := sup{|le"**^MolL6^(RxR<i) : WuoWl^R'^) = !}■ 

The fact S'^/j^ < oo is due to Strichartz [25j which in turn had precursors in 31j. 
For the problem of existence of such optimal 5^^^ and explicitly characterizing the 
maximizers, Kunze jl9j treated the d = 1 case and showed that maximizers exist 
by an elaborate concentration-compactness method. When d = 1,2, Foschi [9] 
explicitly determined the best constants and showed that the only maximizers are 
Gaussians up to the natural symmetries associated to the Strichartz inequality by 
using the sharp Cauchy-Schwarz inequality and the space-time Fourier transform. 
Hundertmark-Zharnitsky [lOj independently obtained this result by an interesting 
representation formula of the Strichartz inequalities in lower dimensions. Recently, 
Carneiro [6] proved a sharp Strichartz-type inequality by following the arguments in 
[lOj and found its maximizers, which derives the same results in [lOj as a corollary 
when d = 1, 2. Very recently, Bennett-Bez-Carbery-Hundertmark [3] offered a new 
proof to determine the best constants by using the method of heat- flow. In [23] , the 
author showed that a maximizer exists for all non-endpoint Strichartz inequalities 
and in all dimensions by relying on the recent linear profile decomposition results for 
the Schrodinger equations. We will continue this approach for Additionally, 
we will use a simple but beautiful idea of asymptotic embedding of a NLS solution 
to an approximate gKdV solution, which was previously exploited in [7] and [29] . 
This gives that in the complex case, S^^f^^ < 3^/^S'^^j^ while in the real case, 
S'^, < 21/231/65-11 . 

schr — airy 

Theorem 1.9. We have the following dichotomy on the existence of maximizers 
for (|13|) with the complex- or real- valued initial data, respectively: 



• In the complex case, either a maximizer is attained for (|13p , or there exists 
(j) of complex value satisfying ||0||l2 = 1 and S'^/j^ — ||e^'*''=(/)||i£i , and a 
sequence (a„)„>i satisfying lim„^oo \an\ = 00 such that 

oC _ ql/6 oC 

schr airy 

• In the real case, a similar statement holds; more precisely, either a max- 
imizer is attained for ()13p . or there exists cj) of complex value satisfying 

^^chr ^ nTTi ~' '^^^ a positive sequence (a„)„>i satisfying hnin^oo o-n 

00 and lim„^oo ||R'e(e*'-'^""0)||/^2 = 1 such that 

hm ||i^i/6e-*^^Re(e*(>"</>)L«^ =5,^,^, 

qC _ r,l/2ol/6 oR 

^ schr ^ '^airy 

Remark 1.10. Note that when = i^'^S^^yOr Sf^^^^ = 2^/"^?,^/^ Sf„y, the ex- 

plicit had been uniquely determined by Foschi [9] and Hundertmark-Zharnitsky 
[lOj independently: they are Gaussians up to the natural symmetries enjoyed by 
the Strichartz inequality for the Schrodinger equation. 
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This paper is organized as follows: in Section[2]we establish some notations. In Sec- 
tion [3l we make a preliminary decomposition for an L^-bounded sequence (un)n>i 
of complex value. In Section 31 we obtain similar results for a real sequence. In 
Section [5l we prove Theorems 11.51 and 11.61 In section [6l we prove Theorem 11.91 

Acknowledgments. The author is grateful to Terence Tao for many helpful dis- 
cussions. The author would like to thank Jincheng Jiang and Monica Visan for 
their comments. The author also thanks the anonymous referees for their valuable 
comments and suggestions, which have been incorporated into this paper. 

2. Notation 

We use X < Y, Y > X, or X = 0{Y) to denote the estimate \X\ < CY for 
some constant < C < oo, which might depend on the dimension but not on the 
functions, li X <Y and Y < X we will write X ^ Y. If the constant C depends 
on a special parameter, we shall denote it explicitly by subscripts. 

We define the space-time norm L'L^ of / on R x R by 
II/I!l?ls(RxR) := 

with the usual modifications when q or r are equal to infinity, or when the domain 
R X R is replaced by a small space-time region. When q — r, we abbreviate it by 
Lj ^. Unless specified, all the space-time integrations are taken over R x R, and all 
the spatial integrations over R. 

We fix the notation that lim„^oo should be understood as lim sup^^^^ throughout 
this paper. 

The spatial Fourier transform is defined via 

JR 

the space-time Fourier transform is defined analogously. 
The Airy evolution operator e~*'^^ is defined via 

JR 

The spatial derivative d^, k G A/", the set of positive integers, is defined via the 
Fourier transform. 

The fractional differentiation operator D", a G R, is defined via 

Jr 
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The inner product (•, in the Hilbert space is defined via 

(/,5)l2 / fix)g{x)dx, 



JR 

where g denotes the usual complex conjugate of g in the complex plane C. 
3. Preliminary decomposition: complex version 



To begin proving Theorems 11.51 and II. 6i we present a new proof of the refined 
Strichartz inequality ([5]) based on the Whitney decomposition. The following no- 
tation is taken from 18J. 

Definition 3.1. Given j e Z, we denote by Vj the set of all dyadic intervals in R 
of length 2^ : 

Vj {2^k,k + l) : fc e Z}. 

We also write T> := (Jj^z'Dj. Given / € 2?, we define // by // := /I/ where 1/ 
denotes the indicator function of /. 



Then the Whitney decomposition we need is as follows: Given two distinct ^, ^' e R, 
there is a unique maximal pair of dyadic intervals I £ V and /' e 2? such that 

(15) |/| = |/'|,dist(/,/')>4|/|, 

where dist(/, /') denotes the distance between / and /', and |/| denotes the length 
of the dyadic interval /. Let T denote all such pairs as ^ 7^ ^' varies over R x R. 
Then we have 

(16) = 1, for a.e. {^,0 e R x R. 

Since / and /' are maximal, dist(/,/') < 10|/|. This shows that for a given / el?, 
there exists a bounded number of/' so that (/,/') G ^, i.e., 

(17) V/eP,#{/': (/,/') en<l- 



Proof of Lemma [T^ Given p > 1, we normahze sup^^p^ |t|^/^ ^^^||/I1lp(t) 
Then for all dyadic intervals I E V, 



(18) 



We square the left hand side of ([5]) and reduce to proving 



(19) 



j j e"(«-'')+^*(«'-"')|Cryr/«/(C)/(r?)deci7? 



< \\f\\%'- 



We change variables a '■=£, — rj and b := — rf and use the Hausdorff- Young 
inequality in both t and x, we need to show 

(20) J J i^+.ii/.i^.^iv.^^^'^^yi/Me 
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By symmetries of this expression, it is sufficient to work in the region {(^, 77) : ^ > 
0, ?7 > 0}. fn this case, |C?7|^/^ ^ |^ + ^71^^^; so we reduce to proving 



In view of (|2ip . we assume / > from now on. Then we apply the Whitney 
decomposition to obtain 

(22) fiOfiv) = E //(0//'('7), for a. e. (^,77) e R x R, 
and 

(23) V(C, 11) el X I' with (/, /') eT,\^-T^\^ 

Choose a shghtly larger dyadic interval containing both / and /' but still of length 
comparable to /, still denoted by /, we reduce to proving 

(24) E ' ijii;. ' & / f'-V- 

lev ' ' •' 

To prove (j24p we will make a further decomposition to // = X^nsz-/^"-^- fo'^ 
n S Z, define /„./ via 

fn,I := /l{^:2"|/|-i/2</(^)<2"+i|7|-i/2}- 

By the Cauchy-Schwarz inequality, for any e > 0, 

(25) (/ f,"\y - {j:jfZ."\J<. E21-1. {ifz,''\)\ 

Now ([M]) is an easy consequence of the following claim: 

2 



(26) J2 |.|i/2 ^ / / for some e > 0. 

lev I I 

By the Cauchy-Schwarz inequality, 

(27) (^J 7^1"^ ddj < J JZi^d^ J fZdC 

On the one hand, when n > 0, by the Chebyshev's inequality and (US]), 

J JZidi < 2"|/r'/'iu e / : m > Tvr'^'}\ 

~ I I 2"P|/|-p/2 

< 2"(l^P)|/|^l/2|/|P/2|/|l-p/2 

^ 2-l"l(P-i)|/|i/2 
for any p > 1. On the other hand, when n < 0, 

/ /r/rfC<2"|/r'/'|/| = 2-H|/|i/2. 



12 



SHUANGLIN SHAO 



Combining these estimates, there exists an e > such that 

(28) i: ^ ijM,. ' g2-N.^y 



Interchanging the summation order, we have 
(29) 



Then the claim (|26|) follows from (p8)l and (1291) • Hence the proof of Lemma 11.21 is 
complete. □ 

By using this refined Airy Strichartz inequality ([S]), we extract the scaling and 
frequency parameters fP^ and following the approach in . 

Lemma 3.2 (Complex version: extraction of p!^ and ^^). Let {u„)n>i be a sequence 
of complex valued functions with ||u„||^2 < 1. Then up to a subsequence, for any 
5 > 0, there exists N :— N{5), a family (p:^, ^^) i<j<]v £ (0,oo) x R and a family 

(/ii)i<j<" of -bounded sequences such that, if j ^ k, 

(30) lim f 4 + — + 

for every 1 < J < iV, there exists a compact K in H such that 

(31) y/7n\Mipi^+a)\<c5iK{o, 

and 

N 

(32) u„=E/« + 9n' 
which satisfies 

(33) \\Dh-'^h:!\\Lt^<S, 



and 



N 



(34) lim I [Y^WfiWh + h^Hlh I I - 0. 

Proof. For 7„ — {pn,£.n) G (0, oo) x R, we define Gn '■ L'^ ^ by setting 

We will induct on the Strichartz norm. If ||_D^e~*^^u„||Lfi < <5, then there is 
nothing to prove. Otherwise, up to a subsequence, we have 
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On the one hand, applying Lemma fTT2l with p — |, we see that there exists a family 
of intervals I^^ [^,\ - ^,1 + pi] such that 



where C'l only depends on C, the constant in Lemma 11.21 note that we have used 
||m„||l2 < 1 here. On the other hand, for any A > 0, 

[ \i^\^/'d^<A-i\\{[;,\\l,<A-i. 
"'4n{|s;;|>A} 

Let Cs :— (^^)^'^/^(5^^. Then from the two considerations above, we have 

^in{|a;|<C5(pJ,)-i/2} ^ 
From the Holder inequality, we have 



'4n{|iK|<C5(p,\)-i/2} \"'/in{|s;;|<Ca(pi)-i/^} 
This yields that 



'4n{|5;i<Ci(pi)-i/2} 

where C" > is some constant depending only on Ci and C2. Define and 7,;^ by 

Vn "«l/in{|ti;;|<Ca(pi)-i/2},7.n (Pri)^«)- 

Then ||w,\||l2 > {Cy/^S^. Also by the definition of G, we have 
Moreover, since the supports are disjoint on the Fourier side, we have 

Iknllis = \\Un-vl\\l2 +\\vl,\\l2. 

We repeat the same argument with u„ — in place of m„. At each step, the L^- 
norm decreases by at least (C")^/^5^. Hence after := N{S) steps, we obtain that 

ivi)i<]<N and (7;^)i<i<jv so that 

N 

J = l 
N 



U. 



2 

n|lL2 



where the latter equality is due to the disjoint Fourier supports. We have the error 
term estimate 

\\Dh-^^h:!\\Lu<s, 

which gives p3p . The properties we obtain now are almost the case except for the 
first point of this lemma (|30p . To obtain it, we will re-organize the decomposition. 
We impose the following condition on :— (p^,<^^): 7^ and 7^ are orthogonal if 

hm + ^ + 

Pn Pn 
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Then we define to be a sum of those v-j^ whose 7^'s are not orthogonal to 
7;^. Then taking the least jo e [2,iV] such that 7^" is orthogonal to 7^, we can 
define to be a sum of those v-j^ whose 7^'s are orthogonal to 7^ but not to 
7^". Repeating this argument a finite number of times, we obtain (|32p. This 
decomposition automatically gives (|30p . Since the supports of the functions are 
disjoint on the Fourier side, we also have (|34p . Finally we want to make sure that, 
up to a subsequence, (|3T|) holds. 

By construction, those v-j^'s kept in the definition of are such that the 7^'s are 
not orthogonal to j^, i.e., for those j, we have 

(35) lim if + — < 00, lim . < 00. 

Pn pi pi 

To show ([3T|) . it is sufhcient to show that, up to a subsequence, G\{vn) is bounded 
by a compactly supported and bounded function, which will imply (|3ip with j = 1. 
On the one hand, by construction, 

|G^„W)|<GaM,i]. 
On the other hand, we observe that 

V P^^ P'^ P^ 

which yields the desired estimate for G\{vn) by ([55]) . Inductively we obtain ([50)1 . 
Hence the proof of Lemma [321 is complete. □ 

The following lemma is useful in upgrading the weak convergence of error terms to 
the strong convergence in the Strichartz norm in Lemma 13.51 

Lemma 3.3. We have the following two localized restriction estimates: for 9/2 < 
q<Q andG e L^{B{0, R)) for some R>0, 

(36) ||i^i/«e-*^^G|U,^ <G,,fl||G|U=o. 
For the same G, 4 < q < 6 and |£o| > lOR, 

(37) l|e-*^^'(e^(-)«°G)|U,^ < G,M~'/^Gh^. 

Proof. Let us start with the proof of ([36[) . Let q — 2r with 9/4 < ?■ < 3. After 
squaring, we are reduced to proving 

/ / e*^(«^-«^)+^*«i'-«^')|66r/'G(6)G(6)rf6rf6 

J B{0,B.) J B{0,B.) ,^ 

< Gg,_R||G|j^oc(B(o,fl))- 
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Let si :— £,1—^2 and S2 and denote the resulting image of i?(0, R)xB{0, R) 

by Q under this change of variables. Then by using the Hausdorff- Young inequality 
since r > 2, we see that the left-hand side of the inequality above is bounded by 



C 



166 



i/6G(6)G(6) 



16^-61 

Then if we change variables back, we obtain 



dsids2 



C 



166 



r'/6 



i. , . r'-iL p |..-i lG(6)G(6)r d6d6 
16 +61 16 - 61 



'B(0,fl)xS(0, 

As in the proof of Lemma II. 21 we may assume that 6j6 ^ 0- So we have |66l^ ^ 
16 + 61, which leads to (66)'''/® < (6 + 6)'''/^ and thus 

166 r'/' 



< 



|6+6r-i|6-6r-^ ^ 16 -61^'-'-' I6 + 6I^'"~'' 

Then since 16"^^^ is locally integrable when 3/2 < r' < 9/5 and G £ L°°, we 
obtain (l36t. 



The proof of ((37|) is similar. Setting q — 2r with 2 < r < 3 and following the same 
procedure as above, we have 



||e-*^^(e'(-)««G)|l|,^ = ||e-*^^(e*(-)«°G)e-*^'^(e'(-)«oG)||L.^ 



< 



< 



l/r' 



where we have used |C + + 261 ^ 161 since 6 V G -^(0, R) and |6| > lOR- 



□ 



In Lemma 13. 2| we have determined the scaling and frequency parameters. Recall 
that from the introduction, we are left with extracting the space and time trans- 
lation parameters. For this purpose, we will apply the concentration-compactness 
argument. For simplicity, we present the following lemma of this kind adapted to 
Airy evolution but not involving the frequency and scaling parameters. The general 
case is similar and will be done in the next lemma. 

Lemma 3.4 (Concentration-Compactness). Suppose P {Pn)n>i with \\Pn\\L'^ < 
1. Then up to a subsequence, there exists a sequence {<p°')a>i & md a family 
(y", s") e such that they satisfy the following constraints, for a ^ (3, 

(38) Wu, {\yZ-yZ\ + K-sP^\)=^, 
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and for A > 1, there exists P^^ G so that 

A 

(39) Pn(x) - e^"^'<^"(^ - Vn) + Pn{x). 

a=l 

and 

lim ^(P-^) = 0, 

where ^{P^) is defined in the argument below; moreover we have the following 
almost orthogonality identity: for any A>1, 

(40) (^ll^^nlli.- (^Ell'^^lli^ + ll^'^'lli^)) =0- 



Proof. Let W(P) be the set of weak limits of subsequences of P in after the 
space and time translations: 

W{P) := {w- lim e--"^^P„(x + y„) in ; g r2)}. 

We set ^(P) sup{||(/«||l2 : cj} e >V(P)}. Clearly we have 

H{P) < lim ||P„|U2. 

n — ^oo 

If /x(P) = 0, then there is nothing to prove. Otherwise n{P) > 0, then up to a 
subsequence, there exists a 0^ G and a sequence (y^, s^)„>i £ such that 

(41) (j)\x) = w- lim e"""^'p„(a; + yl) in L^, 

n— >oo 

and \\(f>^\\L^ > iAi(P). We set P^ := P„ - e""^'0i(x - yi). Then since e"*^' is an 
unitary operator on L^, we have 

\\Pn\\h = {Pn,Pn)L^ 

= (P„ - e^"^^</.i(x - yi), P„ - e^"^^</.i(x - yi))^. 

= (e-^"^^ (P„ - e^"^^0i(x - y^)) , e-^^^ (p„ - e^'^'h\x ^ yl,))),. 

= (e-^"^^P„ - </.!(:. - yi),e-^"^^P„ - c/^^x - yi))^. 

= (e-^"^'p„(a; + y^) - ^^(a;), e-^"^'p„(x + y^) - ^^(a;))^. 

= {Pn,Pn)L^ + {4>\4>')l^ - (e"^"^^P„(.T + yi),0i)L. - e"^"^^ P„ (:e + y ^ )) . 
Taking ti oo and using (|^T|) . we see that 

lim (l|p„lli.-(ll0^lli. + l|/^„^lli.)) = o, 

e-^'^^-Plix + y,\) ^ 0, weakly in L^. 

We replace P„ with P,j and repeat the same process: if /i(P^) > 0, we obtain cfp' 
and {y'i,s\)n>i so that ||(/>^||l2 > ^^(-P^) and 

</,2(a;) = w - lim e-''"^'P,J(a; + y^^J in . 
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Moreover, (?/^, sl^)n>i and (y^, s^i)n>i satisfy ([38]) . Otherwise, up to a subsequence, 
we may assume that 

hm si - si = So, hm yl - y^ = j/o, 

n— >oo n — >-oo 

where (so, yo) ^ R-^- Then for any (f) ^ 

hm ||e-('^"-^")^^0(x + {yl - yl)) ~ e-^<^^h{x + yo)||L^ = 0. 

That is to say, {e~^^^~^^^^^(j){x + (y^^ — y^\)) ) converges strongly in L^. On the 

V / n>l 

other hand, we rewrite, 

e-40.V„i(:. + Vl) = e-i^-^^ (e-"^^^P,i(x + yl)) (x + (y^ - yl)). 

Now the strong convergence and weak convergence together yield (jP' — 0, hence 
/i(P^) = 0, a contradiction. Hence ([38]) holds. 



Iterating this argument, a diagonal process produces a family of pairwise orthogonal 
sequences (y^, s^)a>i and (0")a>i satisfying ^ and (gO]). From J^a U^Wh 
is convergent and hence limQ_^oo = 0. This gives 



lim fiiP"^) = 0, 

A— ►oo 



since n{P^) < 2||0"^||£2 by construction. 



□ 



We are ready to extract the space and time parameters of the profiles. 

Lemma 3.5 (Complex version: extraction of a;:^'" and s:?j'"). Suppose an L^-bounded 
sequence (/n)n>i satisfies 

Vf^\Tn{Pn{^+{Pn)-'^n))\<F{0 

with F e L°°{K) for some compact set K in R independent of n. Then up to a 
subsequence, there exists a family (2/",s") S R x R and a sequence ((j)°')a>i of 
functions such that, if a ^ (3, 



(42) hm 



_ 7/" -I- i^^'^" ^n)(Cn)^ 



{Pn 



+ 



3(Sn ^n)in 



and for every A> 1, there exists € L^, 



oo, 



(43) 



Ux) = ^ VP^e<^^[e'(-)''"'«"0"(-)](p„a;-2/;j) + e;t(x), 



and 
(44) 

and for any A> 1, 



lim lim \\D-Se-*''-e^\\L<i = 0, 



(45) 



lim WfnWh 
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Proof. Setting P := (P„)„>i with P„(0 := ^fn{Pn{^+ipny^U))- Then 
Let W{P) be the set of weak hmits in defined via 

W{P) := {w- hm e-"''"«"e-^"^'[e*(-)''"«"P„(-)](x + y„) in : (2/„,s„) G R^}, 

n — >OQ 

and as in the previous lemma. Then a similar concentration-compactness 

argument shows that, up to a subsequence, there exists a family (j/J^, sj^) a>i and 

((/>")a>i G L'^ such that ^ holds, and 

P^{x) = ^ e-"^"'«"e<^^[e'(>"'«"0"(.)](x - y^^) + P„^(x). 

As weak limits, each has the same support as P„, so does P^ . Furthermore, we 
may assume that (/)",P^ e L°°{K). Setting P-^ := (P^)„>i. Then the sequence 
(P'^)a>i satisfies 

(46) lim /i(P^) = 0. 
For any A > 1, we also have 

Jim (^l|p„lli.- (^X^ll-^^lli^ + ll^nlli^)) =0- 

Since fn{x) — y/p^e^'^^" Pn{pnx) , the decomposition (|43|) of /„ follows after setting 
e^ix) := VP;re"«"P^(p„a;). 

What remains to show is that 

hm lim pSe-*^^[V^e'^«"P„^(p„2;)]L« -0, 

which will follow from (j46p and the restriction estimates in Lemma 13.31 bv an inter- 
polation argument. Indeed, by scaling, it is equivalent to showing that 

(47) lim lim Ipi/^e^*^' [e^(-)""P„^]||i6 =0, 

where a„ := {pn)^^^7i- Up to a subsequence, we split into two cases according to 
whether lim„^oo \o-n\ = oo or not. 

Case 1. lim„^oo lonl = oo. By using the Hormander-Mikhlin multiplier theorem 
[26l Theorem 4.4], for sufficiently large n, we have 



We will show that, after taking limits in n, the right hand side is bounded by 
Cqp{P^Y~'i/'^ for some 4 < g < 6. Then finiA^oo ^P^) = yields the resuh. We 
choose a cut-off Xn(^, a^) Xn,i{t)Xn,2{x) satisfying 

where £2 is compactly supported and X2(C) := 1 on the common support ii' of P„, 
and 

Xn,i((e + a„)3) :=xi(f ),Xi e 5, 
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where XiiC'^) 1 on Suppx2- Let * denote the space-time convolution, then 
(48) xn * [e-*^'(e'(>"P,f )] = e"*^' (e^(>"P„^). 

Indeed, the space-time Fourier transform of Xn is equal to 



On the support of the space-time Fourier transform of e (e**^'^°"P^), we see that 

Xn(T,C) = l. 



This gives (|48|) . Then by the Holder inequality and the restriction estimate ([37| in 
Lemma 13.31 for sufhciently large n, 

<\\Xn* [e^*^^(e^"""/'„^)]|ll(^IIXn * [e-^'ke^^-^'^'^P^ml-j/' 

for some 4 < q < 6. There exists j/„)n>i such that 



We expand the right hand side out, 

X«,i(-0Xn,2(-a;)e-*'''[e-*"^'(e*(>"P„^)(-+y„)](a;)dxdt 

Setting pn{x) = e"*"^- (e*(')''"P^)(x -f ?/„), then it equals 



xI(^')S('7)e""''d'7 e-^^""p„(x) dx 



X2{-x)e 



Taking n oo, and using the definition of W(P'^) followed by the Cauchy-Schwarz 
inequality, we obtain, 

lim llXn * [e~''He^^>-P:^)]U^^ < ||x2|U^m(^^) <x. f^iP^)- 

n — >oo 

Hence the claim (|T7)) follows. 

Case 2. lim„^oo \o.n\ < oo- From the Holder inequality, we have the ^ norm in 
(|47l) is bounded by 

||i^l/6e-*9x[e^(>"P„^]||«/« ||i^l/6g-ta^[g»(.)a„pA]||W6 

for some 4 < (7 < 6. On the one hand, since lim„_^oo |a„| is finite and P,^ G L°°{K), 
there exists a large P > so that 

Supp.F[e'(>"P„^] CP(0,P), 

where J-^{f) denotes the spatial Fourier transform of /. Then from (|36p in Lemma 
13.31 we see 

pi/6e-*a.^[e^(-)a„pA]||^^^ < C,,n\\F\\L^, 

which is independent of n. On the other hand, from the Bernstein inequality, we 
have 
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Then a similar argument as in Case 1 shows that ||e [e*'- -'""P,^]||Lf^^ is bounded 
by iJ,{P^Y foi' some c > 0. Hence (|T7)) foUows and the proof of Lemma 13.51 is 
complete. □ 

Remark 3.6. In view of the previous lemma, we will make a very useful reduction 
when lim^^oo Pn^^n = a is finite: we will take ^„ = 0. Indeed, we first replace 
e»(-)p„ with e*^'^°(/)" by putting the difference into the error term; then we can 

reduce it further by regarding e'^ '*°0" as a new (j)". 



Next we will show that the profiles obtained in (|43|) are strongly decoupled under 
the orthogonality condition ; more general version is in Lemma 15.21 To abuse 
the notation, we denote 

VP^e<'He^^-^P~-'^-r{-)]{PnX-y:), 



where f „ = when lim„_^oo Pn^^n is finite. 
Corollary 3.7. Under (|42|) . for any a ^ (3, we have 



(49) 

and for any 1 < a < A, 
(50) 



lim 



L2 



= 



lim \{g?i{r),e^)L2\=0. 



Proof. Without loss of generality, we assume that (j)" and (f)^ are Schwartz functions 
with compact Fourier supports. We first prove (|49p . By changing variables, we have 



< 



e-(«;:-<)f^[e^(-)p-C.0«(.)](^ + y^_y-),e"''"'«"(/)'3(a;))i. 



Hence if (H^ holds, by using [Ml Corollary, p. 334] or integration by parts combined 
with the dominated convergence theorem, it goes to zero as n goes to infinity. 

To prove §U\), we write e:^ = Ef=A+i 3«(<^'') + for any B > A. Recall 



Then 



L2 



\{9?i{r),ei)LA< E 

+ (r,e-^^''"«''e-<^^'(e^(>""«"P„^)(x + y^))i. 
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When n goes to infinity, the first term goes to zero because of (|49|) . The second 
term is less than ||(/i"||i2/i(P^) by the definitions of W{P^) and fi{P^), and the 
Cauchy-Schwarz inequality; so it can be made arbitrarily small if taking B large 
enough. Hence ([50]) is obtained by taking i? — > oo. □ 



4. Preliminary decomposition: real version 

To prove Theorem 11.61 we need the corresponding real version of lemmas in the 
previous section, especially of Lemma 13.21 13.51 To develop the real analogue of 
Lemma 13.21 we recall the following lemma due to Kenig-Ponce-Vega |T4| . 

Lemma 4.1. Let uq ^ he a real-valued function with \\uq\\i^2 = 1. Then for any 
(5 > 0, there are a sequence of real valued functions . . . ,/^, e^ and intervals 
Ti, . . . , tn, N = N{6) e TV and Cs > 0, such that 

PiO = Supp? C r, U (-r,), |r,| = p,, 

\P\ < Csp-^'\ 



and 



with 



N 



N 

l-olli. = Ell/'lli^ + ll^''lli=' 

i=i 



The proof of this lemma is similar to that of the previous Lemma 13.21 with the 

help that, for real functions /, /(^) = /(— 0- For our purpose, we will do a little 
more on the decomposition above. Indeed, from the proof in [14j we know that 

= l{5g^^.u(-T,): |S5|<c,p7i/=^}^(^) ^ (0,oo). We can decompose ^ 

further by setting 

Since uq is real, uo(0 — ^("0? which yields that 



/■'■-(-?), and = 

Hence 

= 2Re/J"'+. 
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Now we return to prove Theorem 11.61 We repeat the process above for each real 
valued m„ to obtain w^, . . . , and real- valued such that 



N 

(51) 7.„ = ^2Re«) + e^, 



and 

(52) \/pi\vn{pi^ + < CslKiO, with > 0, for some compact K, 



N 

/Iin3„/„JM|^^ -r l|c„ 11^2 



,2 , ^,,2 



(53) \\un\\h^Y.^\\^«)\\' 

Still we define the real version of the orthogonahty condition on the sequence 
{pi^^i)n>i G (0, -l-c«)^ as before: for j ^ k, 

(54) hm ' ^" . ' 1^" 



n — >co \ r? r? 

\ r n yn 

Based on ((5T|) and ((52)l . the basic idea of obtaining the real version is to apply 
the procedure in the previous section to f^, and then take the real part. The only 
issue here is to show that the error term is still small in the Strichartz norm, and 
the almost orthogonality in I? norm still holds. We omit the details and state the 
following 

Lemma 4.2 (Real version: extraction of pP^ and ^^). Let (un)n>\ be a sequence of 
real-valued functions with ||ura||L2 < 1. Then up to a subsequence, for any S > 0, 
there exists N = N{S), an orthogonal family (p^,^^)i<j<iv G (0, oo)^ satisfying 

((54| and a sequence {f^)i<j<N € such that, for every 1 < j < N , there is a 

compact set K in R such that 

(55) \/7n\mpi^ + en)\<C5lKiO, 

and for any N > 1, there exists a real valued G such that 

N 

(56) Ur.^2Y,MfD+qn, 

with 

(57) ||i^^e-*^^g^|Ua^<^, 



and for any N > 1, 



N 



(58) jim_ I iiu„ii^. - 1 J2m<m\h + Ikr^lli^ 11=0. 



Then we focus on decomposing further as in Lemma 13.51 Taking real parts 
automatically produces a decomposition for Re(/j^). We will be sketchy on how to 
resolve issues of the convergence of the error term and the almost orthogonality. 
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Lemma 4.3 (Real version: extraction of x^^" and s^^"). Let (/n)n>i be a sequence 
of real-valued functions and |!/n||L2 < 1 satisfying 

VP^\U{Pnii+iPn)-'Cn))\<FiO 

with F e L°°{K) for some compact set K and ^„ > 0. Then up to a subsequence, 
there exists a family (yj^, s^) S R x R and a sequence of complex-valued functions 
{4>")a>i S L'^ such that, if a ^ j3, 

(59) lim ( - y,^ + M^iplil! + ^^-^'n-^OU +|,^_,.|^^^^ 



[PnY Pn 

id for each A>1, there exists € of complex value such that 



(60) 

where 



a=l 



r)]{Pnx-y:), 



with = when p„^^n converges to some finite limit, and 
and for any A> 1, 



lim lim \\DTSe-*'^-Re{e^)\\L6 = 0, 

A — >oo n — »-oo 



(62) 

Moreover, for any a ^ [3 
(63) 

and for any \ < a < A, 
(64) 



lim 



0: 



«(r),5^(/)>L2 
lim |(^(<^"),Re(e;:))i2| =0 



= 0. 



Proof. We briefly describe how to obtain these identities. Equations ([59|) . ([60|l 
follow along similar lines as in Lemma [531 Equation (|6ip follows from (H^ and the 
following point-wise inequality 

\D^e-'^'Re{e^){x)\ = \ReiDh-'^'ef^)ix)\ < \Dh-'^' e^{x)\. 

Equation follows from (|63p and ([M]) , which are proven similarly as in Corollary 
[3Jl ' □ 



5. Final decomposition: proof of Theorems 11.51 and 11.61 



In this section, we will only prove the complex version Theorem 11.51 bv following 
the approach in |15j ; the real version Theorem 11.61 can be obtained similarly. We 
go back to the decompositions ((32l) . ([43l) and set 

{hi,a,xir,nr) ■= iiP'n)-\aAPir'y'n",iPir'sr)- 
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Then we use Remark 13.61 and put all the error terms together, 



(65) Un 



J2 J2 e*"°^'g^^"[e'(-)''"«"^^'"l + .n^^^u-.A, 



or |h?,5il-oo 



where g^'" = 5o,xi°,/ii ^ ^ ^^^^ 



N 



(66) 



,N,Ai,...,At 



We enumerate the pairs {j, a) by uj satisfying 



(67) u}{j, a) < uj{k, (3)ifj + a<k + PoTj + a = k + (3 and j < k. 



After re-labeling, Equation (|65p can be further rewritten as 



(68) 



l<3<i,{J =0 
or IhUil^^ 



where w!^ = yj^'Ai,...,AN -^[f^^ i — ^^^^ Aj. To establish Theorem 1 1.51 we are thus 
left with three points to investigate. 

I. The family T^^^ — (/i:^, i^, a;^) is pairwise orthogonal, i.e., satisfying Definition 

II. 31 In fact, we have two possibilities: 



The two pairs are in the form Ti = (/ij,, C^, t^,xir) and = (/i™, C\ t^'^x^'^) 
with i 7^ m. In this case, the orthogonality follows from that 



ft™ 



n n 



which is (|30p in Lemma 13721 

The two pairs are in form T{ = (/ij^, t\f,x\f) and = (/ij,, ij;'^, x\[l^) 
with a ^ (3. In this case, the orthogonality follows from 



oo. 



which is (|42|1 in Lemma [3?5l 
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2. The almost orthogonality identity ([8]) is satisfied. In fact, combining (l34|) and 
(|45|) . we obtain that for any > 1, 

N I Aj 



SI 






/A, 


SI 





I 

-Ell-^'ll'^ + ll^nlli^+^-W' 

where lim„_>oo o„(l) = 0. Note that we have used the fact that 



N 



which is due to the disjoint supports on the Fourier side. 

3. The remainder Q-td^i^^'Ai,...,AN converges to zero in the Strichartz norm. In 
view of the adapted enumeration, we have to prove that 

(69) lim ||Di/6e-*^'a;i^-^i---^"||i6 -> 0, as inf {N,j+AA^oo. 

Let (5 > be an arbitrarily small number. Take A^o such that, for every > A^o, 

(70) hm ||i?i/«e-*^'g^|Le <S/3. 

For every N > Nq, there exists such that, whenever Aj > Bn, 

(71) lim llDi/^e-'^'e^^-^^llie <d/3N. 

n — yea 

The remainder yj^^A.i,...,AN ^^^^ ]-,g rewritten in the form 



^N,Ai,...,Am _ „N 



9^+ E + 

l<j<N 

where Aj \/ Bn '■— maxj^j, Bn} and 



l<j<N 



that is, 



.n,m.....,a, ^ J2 e*"°^'5r[e^^-^'"^" 



i<j<jv Ai<a<BN 

with £,1 EE when hm„_^oo \h{£,l\ < oo. From and (HIl), it follows that 
(72) lim pi/6g-*a^y,Ar.Ai....,A„||^^ < 2,5/3+ lim ||i?i/6e-*^'^^^i— ^" 

Now we need the following almost-orthogonality result 
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Lemma 5.1. Let T^^^ — (^:^, Cn; ^^ni a family of orthogonal sequences. Then 
for every I > 1, 
(73) 

with = when lim„_>oo I^^Cnl < 

Suppose this lemma were proven, we show how to conclude the proof of (|69p . From 

Lemma ISTTl it follows that 

(74) 

lim ||i?i/6e-*9.^5^'^--^"||% = y y lim ||Z?i/6e-(*-*"")^^'gr ■ 

l<j<N A,<Q!<Bjv 

The Strichartz inequality gives that 
(75) 

i<j<N A,<Q<Bjv ' i<j<N Ai<a<BN j,a 

On the other hand, ^ |10-''"|1|2 is convergent; hence the right-hand side of ([75]) 
is finite. This shows 

\ 1/6 

provided that vaii<j<N{N , j + Aj} is large enough. Combining (|72|) . ((Till and ([76]) . 
we obtain 

(77) lim pi/6g-ta^^Ar,Ai,...,A„||^^ ^0 

provided that infi<j<Ar{A^, j + Aj} is large enough. Hence the proof of ([69]) is 
complete. 



Proof of Lemma \5.1\ By using the Holder inequality, we need to show that for 
j ^ k, as n goes to infinity, 

(78) ||i?V6e-(*-*Da^5^[e*(>Ui^J]i^i/6e-(*-*:;)9.^gfc[e»(-)'>:;«:;0fc]||^3^ ^ 0. 

By the pigeonhole principle, we can assume that and are of the same sign if 
they are not zero; moreover by a density argument, we also assume that (jy' and cj)^ 
are Schwartz functions with compact Fourier supports. Evidence in favor of (|78p is 
that, if hm„^oo |/JnCn| = oo, I?^/^e~(*~*"^^"^5n[e*('^''"^"0] is somehow a Schrodinger 
wave in the sense of Remark 11.71 For the pairwise orthogonal Schrodinger waves, 
however, the analogous result to ((78|) is true, see e.g., [20], [5] and [2]. 

To prove ([75]) we will have two possibilities. First, the two pairs are in the form 
n = and r^; = (/i™,C,C''',2:;7''5) with t ^ m. In this case, the 
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orthogonality is given by 

f 7;™ 

lim (-^ + ^ + hl\£,l-^^ 

So we have two subcases. We begin with the case where Uni„_^oo KiWn ~ Ci"! — 
moreover, we may assume that h\ = ft,™ for all n (when both limits are infinity, it 
can be done similarly by using the argument below). By changing variables, the 
left hand side of ([78]) equals 
(79) 

The integrand above equals 



Changing variables again a := + /ij^^^) + (?? + /ijiCJT) and 6 := + ftj^^j,)^ + (?? + 
^n'?™)'^ followed by the Hausdorff- Young inequality, we see that ([7^ is bounded by 




We consider two subcases according to the limits of |ft^^^| and |ft™C™l- Note that 
lim„^oo ^nlCn ~ — then either both are infinity or only one is. 

• In the former case, since <^,\ and f ™ are of the same sign, we have 

Then dill) is further bounded by C0,,»,0™,/3(/ijJf; - which goes 

to zero as n goes to infinity. 

• In the latter case, say lim„^oo I^^CJ — '^^ will have = 0. Then 

\^ + Kej'/^\rj + KCr^^ < I , . « 1-1/4 

Then (1751) further bounded by C^i.c ^m.^j/i^j^^j"^/^, which goes to zero 
as n goes to infinity. 

Under the first possibility, we still need to consider the case when lim„^oo + 

oo. We may assume that lim„_^oo < oo. It follows that lim„.^oo I^^Cnl 

and lim„^oo |^™^™| are finite or infinite simultaneously. We will consider the case 
where they are both infinite since the other follows similarly. Under this consider- 
ation, we deduce that 
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for sufficiently large n. To prove ([78|) . we will use the idea of regarding the profile 
term as a Schrodinger wave as in Remark 11.71 We recall 



X / e 



(^Il 



"■riSn 



Similarly for D^/^e *")^^g^[e*(')''"^"0'^]. For any i? > 0, we denote 



:= {(i, x) e R X R 
A'j^ := e Rx R 



3e^ 



(h 



i \2 



X- Xl 



f — 



3e 



m '' ''11 



mi 



t - 



?7i\2 n 



<i?}. 



By the Holder inequality, the Strichartz inequality and Remark 11.71 we only need 

to show, for a large i? > 0, 

(80) 

Indeed, R^ \ (A^ n A^^) C (R^ \ Aj^) U (R^ \ A^); here we only consider the 
integration over the region R^ \ since the other case is similar. By the Holder 
inequality and the Strichartz inequality. 



< 



||^i/6g-(t-C)9.^gfe[e»(-)'CC0fc]||^«^ 



Let a; 



and t 



. Then a change of variables and 



similar computations as in Remark 11.71 show that 



< 



-it' A, 



^,{\t'\+W\>R) ~^ 0, 



as n — > oo followed by i? cxd. Returning to ([80]), if using i°°-bounds for the 
integrands, we see that it is bounded by 



<C^,^.,^.min{(^)2/3 



"•n Sn 



1/6 



hmCr, 
"n Sri 



1/6 



}■ 



Hence when lim„ 



= cx), llHl) holds. 
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Secondly, the two pairs are in form = (/i^, £,l^,tli°' , xli") and = (hl^, C„,t'/, x'/) 
with a ^ /3. In this case, the orthogonahty is given by 



lim 

n — »oo 



We assume hm„^oo l^^^^l — oo since the other case is similar. We expand the 
left-hand side of ([75)1 out, which is equal to 



It* |l/3 /■ ,f .?(3;-x^'°+3(t-t^'°)(;^)^) , ,j3(t-t;;°) , 3.7^ (t - ° )C i „ . _ 

= II / + + (^Ji In 4- ' l^/^rhhc 

J 



,,,, , ^'-W^i^x 

"nSn 



^" '"^r" '+"1^+"" <.j^'^"|i + ^|i/60i:^(^)d^||^3^ 

If changing variables = ^''^ luryi^" and x' = ^ *„ )(C„) ^ reduces to 



X 



Then the Holder inequality followed by the principle of the stationary phase or 
integration by parts, we see that (|78p holds. □ 



Similarly, we can obtain the following generalization of Corollary 13.71 about the 
orthogonality of profiles in space. Its proof will be omitted. 

Lemma 5.2. Assume F^j = (/i^^, i^, x^J andV'^ = (/i^, ijj, a:^) are pairwise 
orthogonal, then 

(81) lim (e*"^^5^[e^(-)''"«"<^^],e*"^^5^[e^(-)''"«"0^1>,. = 0, 

n — *oo 

and for 1 < J < 

(82) lim (e*"^^'g^[e*(>"«"0^],u;J,)i2 = 0, 

n — *oo 

with = when lim„^oo l^i^^jil < oo- 



6. The existence of maximizers for the symmetric Airy Strichartz 

inequality 



This section is devoted to establishing Theorem 11.91 a dichotomy result on the ex- 
istence of maximizers for the symmetric Airy Strichartz inequality. First, we will 
exploit the idea of asymptotically embedding a Schrodinger solution into an approx- 
imate Airy solution. We will show that the best constant for the Airy Schrodinger 
Strichartz bounds that for the symmetric Schrodinger Strichartz inequality up to a 
constant. We will follow the approach in [29], in which Tao shows that any quali- 
tative scattering result on the mass critical gKdV equation dtu + d^u± \u\'^dxU — 
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automatically implies an analogous scattering result for the mass critical nonlinear 
Schrodinger equation idtu + d^u ± \u\'^u — 0. 

Lemma 6.1 (Asymptotic embedding of Schrodinger into Airy). Corresponding to 
Theorems \1.5\ and \l.b\ respectively, 

(83) 'S'^c/ir ^ 3 ^ 'S'^iryJ 

(84) Sf^,^ < 2V23V65„H ^. 



Proof. We first prove ((84)) . Let uo to a maximizer to (|T4)) . Since d=f , from the 
work in [9] , we can assume that uq is a standard Gaussian; hence it is even and its 
Fourier transform is another Gaussian. Denote 



Let uiq{t,x) solve the Airy equation ([T]) with initial data wjv(0,a;). From the Airy 
Strichartz inequality, 

(85) \\D^'^UN\\Ll^<Sf„y\\uN{Q.x)\\L2. 
On the one hand, a computation shows that 

(86) \\un{0, x)\\l. = i y \m{x)\^ + Re (e'^^'''"'"''ul{x)) dx. 

From the Riemann-Lebesgue lemma, we know the second term above rapidly goes 
to zero as ^ oo. On the other hand, 

{^{0, = [M^iC - N)) + M^i^ + N))) , 

which yields 

^ (37^ J ^„^+,,^3 (^^(^(^ _ ^ MV3N{^ + N))) d^ 



X |1 + — L|i/6 (u^{r^)+i[^(rj + 2NVm))dr,. 



NV3N 

Changing variables x' = {SN)^^/^x + ^/SN'^/^t and t' = t, we obtain 



(87) X + — ^|i/6(s^(^)+^(^ + 2AfV37V))rf77|L6 , 

Comparing ([55)1 . ([M)) . (|57)) and letting N ^ 00, as in Remark [TT71 we obtain, 



By the choice of mq, we have 



r,-lo-l/6cC ^r,-l/2c'R. 

^ "J '-'schr — ^ '^airyi 
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i-e., Sf^f^^ < 21/231/65'^^^^. Hence ([84]) follows. To show ([83]), we choose 0jv(a;) := 
^^e«^z.o(^). Then 

= II^oIIl^, l|e"**^"0Af|lL6^^(RxR) = S^chrlMlL^- 

Also an easy computation shows that 

\\D'/'e-*^'^<j,N\\Ll^ ^ S-i/'^lle-^^'woLe^, as iV 00. 
From the Airy Strichartz inequality, 

we conclude that ((83|) follows. □ 
Now we are ready to prove Theorem II .91 



Proof of Theorem \1.9l We only prove the complex version by using Theorem 11.51 
For the real version, we use Theorem 11.61 instead but its proof is similar. 



We choose a maximizing sequence (wn)n>i with ||wn||L2 — 1, and decompose it into 
the linear profiles as in Theorem 1 1.51 to obtain 



(89) u„= Y: e*"^^^<7^[e^(>"«"0^]+«;i. 

i<j<',{i=o 

or |h|j{i|^oo 

Then from the asymptotically vanishing Strichartz norm ([7]) and the triangle in- 
equality, we obtain that, up to a subsequence, for any given e > 0, there exists no, 
for all I > no and n > uq, 

with = when lim„^oo < 00. On the other hand. Lemma [57T] vields. 

(90) 

liy ^i/6g-(t-ti)a^^,[g,(.)/.i?i^-]||6^ < y |pV6e-(t-*i)a^5^[e.(>i«i^-]||6^ +o„(l). 

Then up to a subsequence, there exists n\ such that, for large n>n\ and I > ni, 
(91) y ||i?V6e-(*-*Da^,. [eH-).iCi^.]||6,^ > (5C^^)6 _ 2e. 

Choosing jo such that i:)i/6e-(t-e)9xgJo[e»(-)'»i"e^o] jj^s the biggest Strichartz 
norm among 1 < j < I, we see that, by Strichartz and the almost orthogonal 
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identity (O, 



This yields, 
(92) 

Moreover, ([8]) implies that there exists J > 0, such that 

II^-'IU. <i/ioo,Vj> J. 

This, together with (IM)) and the Strichartz inequality 

shows that, for e small enough, jo is between 1 and J; otherwise < 
a contradiction. Hence jo does not depend on I, n and e. So we can 
freely take e to zero without changing jo. Now we split into two cases: 

Case I. Whenhi°^i° £ R, we can take = 0. Then ||Di/6e-(*-e)fi'xgJo(^o)||^e^ ^ 

||^i/6g-ta;;:0jo|j^^^_ Then we take e ^ in dM]) to obtain 

This shows that is a maximizer for (jl3p . 
Case //. When ^ oo, we take n — > oo in ([^^ and use Remark 1 1.71 

Taking e — > forces all the inequality signs to be equal. Hence we obtain 

and 5,% = lim„^oo ||i?i/6e-ta,^ ^o] ||^, ^ ^ 3-V6|le-'*9=^,o|j^,^. 

This shows that S'^/j^ — 11'^ **^^<?^'' Hi? ! hence (j)^" is a maximizer for (ITU) . 
Set a„ := h^n^!}° ■ Then the proof of Theorem II. 91 is complete. 



□ 
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